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Abstract 

It is shown by Golding and Minicozzi the uniqueness of the tangent cones at 
infinity of Ricci-flat manifolds with Euclidean volume growth which has at least 
one tangent cone at infinity with a smooth cross section. In this paper we raise an 
example of the Ricci-flat manifold implying that the assumption for the volume 
growth in the above result is essential. More precisely, we construct a complete 
Ricci-flat manifold of dimension 4 with non-Euclidean volume growth who has 
infinitely many tangent cones at infinity and one of them has a smooth cross 
section. 


1 Introduction 

For a complete Riemannian manifold {X, g) with nonnegative Ricci curva¬ 
ture, it is shown by Gromov’s Compactness Theorem that if one take a 
sequence 

Oi > 02 > • • • > Oj > • • • > 0 

such that limj^oo Oi = 0, then there is a subsequence such that 

{X,apj)g,p) converges to a pointed metric space {Y,d,q) as j ^ oo in the 
sense of the pointed Gromov-Hausdorff topology HUD]. The limit (Y, d, q) is 
called the tangent cone at inhnity of {X, g). In general, the pointed Gromov- 
Hausdorff limit might depend on the choice of {ai}i or its subsequences. 

The tangent cone at inhnity is said to be unique if the isometry classes 
of the limits are independent of the choice of {oj} and its subsequences, and 
Golding and Minicozzi showed the next uniqueness theorem under the certain 
assumptions. 
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Theorem 1.1 ([B] ). Let {X, g) be a Ricci-flat manifold with Euclidean volume 
growth, and suppose that one of the tangent cone at infinity has a smooth 
cross section. Then the tangent cone at infinity of (X, g) is unique. 

Among the assumptions in Theorem ll.il the Ricci-flat condition is essen¬ 
tial since there are several examples of complete Riemannian manifolds with 
nonnegative Ricci curvature and Euclidean volume growth, of whom one of 
the tangent cones at infinity has smooth cross section, but the tangent cones 
at infinity is not unique Sara- 

Here, let T{X,g) be the set of all of the isometry classes of the tangent 
cones at infinity of {X, g). In this paper, the isometry between pointed metric 
spaces means the bijective map preserving the metrics and the base points. 
It is known that T(X, g) is closed with respect to the pointed Gromov- 
Hausdorff topology, and has the natural continuous M+-action defined by the 
rescaling of metrics. The uniqueness of the tangent cones at infinity means 
that T{X,g) consists of only one point. 

In this paper, we show that the assumption for the volume growth in 
Theorem 11.11 is essential. More precisely, we obtain the next main result. 

Theorem 1.2. There is a complete Ricci-flat manifold (X, g) of dimension 4 
such that T{X,g) is homeomorphic to . Moreover, -action on T{X,g) 
fixes (M^,ci“,0), (M^,ho,0), (M^,/ii,0), where ho = J2l=iidCiY is the Eu¬ 
clidean metric, hi = j^ho, and d’^ is the completion of the Riemannian 
metric 

Jo |C-(x“, 0,0)1'^°’ 

and M"*" acts freely on 

T{X,g)\{iR^d^,0), (R^ho,0), (M',hi,0)}. 

Here, C = (Ci)C 2 ,C 3 ) is the Cartesian coordinate on 

Here, we mention more about the metric spaces appearing in Theorem 
o For 0 < S' < T < oo, denote by flg the metric on induced by the 
Riemannian metric 


da; 

Js 1C-0,0)1' °- 

For {X,g) in Theorem 11.21 we show that T{X,g) contains {(M^,do,0);T G 
R+}, {(R^, d“, 0); S' G R"*"} and {(R^, ho-|-dhi, 0); d G R'*'}. Here, we can 
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check easily that and df are homothetic to d\ and df", respectively. We 
can show that 


(R3,<,0)^(R3,d“,0), 

T—)-co 

(Kto!“,0)^(K=,Ao,0). 

S—>-oo 

(R^ ho + ehi, 0) (R^ hi, 0), 

9^00 


(R3,d^,0)^(R3,hi,0), 

(R^d^,0)f^(R^C,0), 

s^o 

(R^ ho + Ohi, 0) ^ (R^ ho, 0). 

9^0 


Both of (R^, ho) and (R^, hi) can be regarded as the Riemannian cones with 
respect to the dilation AC on R^. Although the dilation also pulls back 
to d“, (R^, d^) does not become the metric cone with respect to 
this dilation since 1 = {(t, 0, 0) G R^; t > 0} is not a ray. In fact, any open 
intervals contained in 1 have infinite length with respect to d^. 

In general, tangent cones at infinity of complete Riemannian manifolds 
with nonnegative Ricci curvature and Euclidean volume growth are metric 
cones |1]. In our case, it is shown in Section 0 that (R^,d[^,0) never become 
the metric cone of any metric space. 

The Ricci-flat manifold {X, g) appeared in Theorem 11.21 is one of the 
hyper-Kahler manifolds of type A^o, constructed by Anderson, Kronheimer 
and LeBrun in pQ applying Gibbons-Hawking ansatz, and by Goto in |H] as 
hyper-Kahler quotients. Combining Theorems 11.11 and 11.21 we can see that 
the volume growth of {X, g) should not be Euclidean. In fact, the author has 
computed the volume growth of the hyper-Kahler manifolds of type Aoo in 
HD, and showed that they are always greater than cubic growth and less than 
Euclidean growth. To construct {X,g), we “mix” the hyper-Kahler manifold 
of type Aoo whose volume growth is r“ for some 3 < a < 4, and R^ equipped 
with the standard hyper-Kahler structure. Unfortunately, the author could 
not compute the volume growth of {X, g) in Theorem 11.21 explicitly. 

In this paper, we can show that a lot of metric spaces may arise as the 
Gromov-Hausdorff limit of hyper-Kahler manifolds of type A^o- Let 


/ G i3+(R^) := {J C R"*"; J is a Borel set of nonzero Lebesgue measure} 

and denote by dj the metric on R^ induced by the Riemannian metric 
// 0 0)1 ' ^ 0 - Then we have the following result. 

Theorem 1.3. There is a complete Ricci-flat manifold {X,g) of dimension 
4 such that T{X,g) contains 


{(R^,(i/,0); / G i3+(R''")}/isometry. 
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Since d’^ and d^ are contained in T {X, g) in the above theorem, then 
their limits and |^ho are also contained in T{X,g). The author does not 
know whether any other metric spaces are contained in T{X,g). 

Theorems 11.21 and 11.31 are shown along the following process. The above- 
mentioned hyper-Kahler manifolds are constructed from inhnitely countable 
subsets A in such that XIasa ^ denote it by {X,g\) and 

fix the base point p ^ X. From the construction, {X, g\) has a natural S^- 
action preserving g\ and the hyper-Kahler structure, then we obtain a hyper- 
Kahler moment map : X ^ such that Pa{p) = 0, which is a surjective 
map whose generic fibers are S^. There is a unique distance function d\ on 

such that /iA is a submetry. Here, submetries are the generalization of 
Riemannian submersions to the category of metric spaces. For a > 0 we can 
see ag\ = gaA, hence by taking Oj > 0 such that limj^oo^i = 0, we obtain 
a sequence of submetries /Iq-a : X —)■ Now, assume that {(M^, 0)}j 

converges to a metric space (M^, doo, 0) for some doo in the pointed Gromov- 
Hausdorff topology, and the diameters of fibers of pa.A converges to 0 in 
some sense. Then we can show (M^,doo,0) is the Gromov-Hausdorff limit 
of {{X, ga^A,p)}^■ We raise a concrete example of A and sequences {aj},, 
then obtain several limit spaces. Among them, it is shown in Section [H] that 
(R^, d[j°) is not a polar space in the sense of Gheeger and Golding [5]. 

This paper is organized as follows. We review the construction of hyper- 
Kahler manifolds of type A^o and hyper-Kahler moment map pA in Section 
[21 Then we review the notion of submetry in Section [3l and the notion 
of Gromov-Hausdorff topology in Section jH In Section 0, we construct a 
submetry pa from {X,gaA) to (R^,da) by using pA and dilation, where da is 
the metric induced by the Riemannian metric ^a{C)ho- Here, <Fa is a positive 
valued harmonic function determined by A and some constants. Then we 
see that the convergence of {{X, ga^A)}i can be reduced to the convergence 
of {(R^,daJ}j. In Sections 0 and [71 we raise concrete examples of A and 
fix a > 0, then estimate the difference of <I>a and another positive valued 
harmonic function <I)oo, which induces the metric doo on R^. In Section [HI 
we observe some examples by applying the results in Sections [6] and [71 then 
show Theorems 11.21 and 11.31 In Section [9l we prove that (R^, dg°) is not a 
polar space. 
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thank the referee for careful reading and several useful comments. Thanks 
to his pointing out, the author could make the main results much stronger. 


4 









The author was supported by Grant-in-Aid for Young Scientists (B) Grant 
Number 16K17598. 


2 Hyper-Kahler manifolds of type A^o 


Here we review shortly the construction of hyper-Kahler manifolds of type 
-d -007 along d]. 

Let A C be a countably infinite subset satisfying the convergence 
condition 


E 

AeA 


1 

iTR 


< 00 , 


and take a positive valued harmonic function <hA over M^\A defined by 


$a(C) := 


E 

AeA 


1 


Then G r2^(R^\A) is a closed 2-form where * is the Hodge’s star op¬ 

erator of the Euclidean metric, and we have an integrable cohomology class 
£ iL^(M^\A,Z), which is equal to the 1st Ghern class of a prin¬ 
cipal ^Lbundle /r = /ia : X* —)■ R^\A. For every A G A, we can take a 
sufficiently small open ball H C R^ centered at A which does not contain any 
other elements in A. Then /i : —)■ i?\{A} is isomorphic to Hopf 

fibration fiQ : R^\{0} —>■ R^\{0} as principal S'^-bundles, hence there exists a 
4-manifold X and an open embedding X* C X, and /i can be extended 
to an S'^-fibration 


/i — (/il,/i 2 ,h 3 ) : X —)• R^. 

Moreover we may write X\X* = {p\; A G A} and = A. Next we take 

an S'^-connection T G on X* —)■ R^\A, whose curvature form is given 

by Then T is uniquely determined up to exact 1-form on R^\A. Now, 

we obtain a Riemannian metric 

3 

qa := {p*<^a)~^T^ + 

i=l 

on X*, which can be extended to a smooth Riemannian metric qa over X by 
taking T appropriately. 

Theorem 2.1 (P). Let {X, qa) be as above. Then it is a complete hyper- 
Kahler (hence Ricci-flat) metric of dimension 4. 
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Since acts on (X, g\) isometrically, it is easy to check that 


/i:(X*,f7A)^(M^A,<hA-ho) 

is a Riemannian submersion, where ho is the Euclidean metric on 

Next we consider the rescaling of {X,g/^). For a > 0, put aA := {aA G 
A G A}. Then it is easy to see 

= E E = a-‘4»(a->C) 

AeA ' AeA ' ^ ' 

and g^aA = ^hA, hence = a~^hA‘^A holds. Thus we have 

3 

9aA (haA^aA) h + g^j^^^A ^ 

^=1 

3 

= a(/iA<hA)"^r^ + a^A^A ^(d/iA,i)^ = «5 'a- 


3 Submetry 

Throughout of this paper, the distance between x and y in a metric space 
(X, d) is denoted by d{x, y). If it is clear which metric is used, we often write 
\xy\ = d{x,y) 

The map p : X —>■ appeared in the previous section is not a Rieman¬ 
nian submersion, since dg degenerates on X\X* and <hA ■ ho does not dehned 
on the whole of However we can regard g as a submetry, which is a 
notion introduced in [2]. 

Definition 3.1 ([2]). Let X, Y be metric spaces, and g : X ^ Y he a map, 
which is not necessarily to be continuous. Then g is said to be a submetry 
if g{D{p,r)) = D{g{p),r) holds for every p G X and r > 0, where D{p,r) is 
the closed ball of radius r centered at p. 

Any proper Riemannian submersions between smooth Riemannian man¬ 
ifolds are known to be submetries. Conversely, a submetry between smooth 
complete Riemannian manifolds becomes a Riemannian submersion [3]. 

Now we go back to the setting in Section [2l Denote by d\ the metric 
on dehned as the completion of the Riemannian distance induced from 
^A ■ ho- Since g : (X*,pa) —t (R^\A, <hA • ho) is a Riemannian submersion, 
we have the following proposition. 
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Proposition 3.2. Let {X,gj^) be a hyper-Kdhler manifolds of type A^o- The 
map jj, : (X, dg^f) —)■ (M^, d^) is a suhmetry, where dg^ is the Riemannian 
distanee induced from qa- Moreover, we have 

dA{qo,qi)= inf dg^{po,pi) 

for any po G 

4 The Gromov-HausdorfF convergence 

In this section, we discuss with the pointed Gromov-Hausdorff convergence 
of a sequence of pointed metric spaces equipped with submetries. First of 
all, we review the dehnition of the pointed Gromov-Hausdorff convergence of 
pointed metric spaces. Denote by B{p,r) = Bx{p,r) the open ball of radius 
r centered at p in a metric space X. 

Definition 4.1. Let {X,p) and {X',p') be pointed metric spaces, and r,e be 
positive real numbers, f : B{p,r) ^ X' is said to be an {r, e)-isometry from 
(X,p) to (X',p') if (1) f{p) = p', (2) \\xy\ - \f{x)f{y)\\ < e holds for any 
x, p G B{p, r), (3) B{f{B{p, r)),e) contains B{p', r — e). 

Definition 4.2. Let {(Xj,pj)}j be a sequence of pointed metric spaces. Then 
{{Xi,pi)}i is said to converge to a metric space {X,p) in the pointed Gromov- 

Hausdorff topology, or {{Xi,pi)}i {X,p), if for any r,e > 0 there exists an 
positive integer N(^r,s) such that (r, e)-isometry from (Xj,pj) to {X,p) exists 
for every I > N(^r,ey 

For metric spaces X,Y, q E Y and a map p, : X ^ Y, dehne G 

M>o U {(X)} by 

dq^r) := sup diam(p"^(p)) 

yeBiq,r) 

= sup \xx'\. 

yeB(q,r) 

x,x'£p—'^(y) 

Proposition 4.3. Let {(X, p)} and {(X, q)} be pointed metric spaces equipped 
with submetries p : X —)■ X satisfying p(p) = q, and (Xqo, goo) be another 
pointed metric space. Assume that dq^g{r) < oo and we have an (r,S)- 
isometry from (Y,q) to (Xoo,goo)- Then there exists an (r,6 + 5g^g)-isometry 
from {(X,p)} to (Xoo,goo)- 

Proof. Now, there is an (r, (5)-isometry / from (X, g) to (Xoo,goo)- Then it is 
easy to check that the composition / := / op is an (r, <5 -|- (5q^^)-isometry from 

(X,p) to (Xoo,goo). □ 
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5 Tangent cones at infinity 

Let (X, d) be a metric space and {ai}i be a decreasing sequence of positive 
numbers converging to 0. If (X, q) is the pointed Gromov-Hausdorff limit of 
{{X,aid,p)}i, then it is called an tangent cone at inhnity of X. It is clear 
that the limit does not depend on p G X, but may depend on the choice of 
a sequence 

In this paper we are considering the tangent cones at inhnity of (X, 

In Section [2] we have seen \fadg^ = for a > 0, hence paA : (X, y/adg^) —?• 

(M^,daA) is a submetry. By taking N G M"*" and the dilation Jtv : ^ 

dehned by In{C) •= we have another submetry 

ha • haA • (^5 \/®d(ji^) ^ (K , da . Ij\( d^A)- 

Here, In* dak is the completion of the Riemannian distance of 

lN*{^ak ■ ho) = lN*^ak ' = X^TVaA ' = J^^Nak ' ho, 

therefore we obtain d^ which is the completion of the Riemannian metric 
<ha ■ ho, where 


In other words, da is given by 

daix,y) = 


inf /a( 7 ), 

7GPath(a:,y) 


( 1 ) 


where Path(a:, y) is the set of smooth paths in joining x,y E M^, and 

lah) = f V^a{7{t))\i{t)\dt. ( 2 ) 

Jto 


By the dehnition of g\, one can see that the diameter of the hber (() 


is given by 


=. Accordingly, the diameter of ha^(C) is given by 


For a metric do. on and constants r, 6, S' > 0, we introduce the next 
assumptions. 


(Al) The identity map 


idffis : (M^,da,0) —>■ (M^,doo,0) 


is an (r, (5)-isometry. 







(A2) 


< 5 ' holds. 


Then we obtain the next proposition by Proposition 14.31 

Proposition 5.1. Let {X,g^) and Ha be as above, p G X satisfy /iA(p) = 
0 and doo be a metric on If (Al-2) are satisfied for given constants 
r, 6, 5' > 0, then Ha is an (r, 6 + 5')-isometry from (X, agj^,p) to (M^, doo, 0). 

6 Construction 

Fix a > 1, and let 


A“:={(fc“,0,0); G Z>o}. 


Take an increasing sequence of integers 0 < Kq < Ki < K 2 < ■ ■ ■. 

In this paper many constants will appear, and they may depend on a or 
{Kn}. However, we do not mind the dependence on these parameters. 


Put 


A2n := {(fc“,0,0) G A“; K^n < k < K^n+i}, 


00 


A A2n- 


n=0 


Since A C A", we can see that XIasa Ti^ ^ accordingly we obtain a 
hyper-Kahler manifold (X, pa)- 

From now on we £x a > 0, n G N and P > 0, then put N := ai+“Pi+“ 
and 



Let 1 := {(t, 0, 0) G f > 0} and put 

X(P, D) := {C G R'; |C| < P, inf |C - dl > D}. 

yel 

Here, inf^gi |C “ dl is given by 
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for C = (^R, (^c) G = M © C. For 0 < S < T < oo, define a positive valued 
function <F^p : R^\l ;—)■ M by 



dx 

|C-P(a;©0,0)r 


Throughout this section, we put 


Sn:=^ = a^P^K^n, 


rj, K2n+l 1 

Tn ■= ^ = al+“Pl+“iF2n+l- 


Proposition 6.1. PFe have 


®a(C) 


oo 

n=0 


Sn,P 


(C) 


< 


ND 


2 / O \ l+a 

D\p) 


for any ( G K{R,D). 
Proof. Since 


^2n — K2n <k < K2n+l}, 


we have 


E 


K2n+l — ^ 

E 




Then we obtain 

CXD 

E(E 


-.i^2n+l/iV 


dx 


Tl —0 AGA2n 


N\C-PN-»\\ |C-P(a;©0,0)| 


< 


iVP 


(3) 


The above inequality holds since the function x i—)■ ^ has at most 

one critical point and 


sup 


inf 


xeR 1C - 0,0)1 a;eR 1C - P(a;",0,0) 

for all C G K{R,D). 

Next we obtain the lower estimate of as follows. 


1 

< — 
- D 


□ 
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Proposition 6.2. We have 

dx 


niAO ^ 


ia 1 + Px' 

OD 

/ J-r 




n I j 

$a(C)> (5^ j Y^^-2(aP-i)TT^)min| 

n=0 


1 


E K) 2 p 


n=0 

oo 


_j_ 02Qi |(^|a 

« — 1 ICcI ’ 




n=no 

no 


Y.*’1:A0< 


P{a-1) 
T, 


P 


n=0 


^ iiiCeK{R,D)). 


) 1 [) 


(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


Proof. First of all one can see 

dx 


n:AO > 


> 


dx 


Is^ \C\ + Px^ - Id is. 1 + 7"^^ 


if Id > 1, and 


-i’JlplC) > 


dx 


> 


dx 


ls„ ld + 7^a;“ Js^ 1 + Px^ 


if Id < 1. 

Next we have 


oo -R' 2.+1 —1 

<i>.(c)>E E 


iV(|d + PiV-“fc° 


n=0 k=K 2 n 

and the similar argument to the proof of Proposition 16.11 gives 


OO 

V 

^2.+ l—1 

^ V ^ 

dx \ 

2 

n=0 

V ^4:^ iV(|d + PAr-«A:“) 

K — J^2n 

E ICI + Pxd 

1/ 


Combining these inequalities one can the second assertion if |d > 1- If 
Id < 1, then we have 

oo i^ 2 n+l —1 

<i>.(c)>E E 


n=0 k=K 2 n 


iV(l + PN-^k^) 
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and by the similar argument we obtain the assertion. 
Next we consider ([H]). If t > (^)^, then 


dx 


|C-P(x“,0,0)| 
holds. Hence one can see 


< 


2dx 

Px" 


±—a+l 


P(a- 1) 


(9) 


^ *^s",p(Cr, Cc) < 


dx 


n=0 


'o |C-^(a;",0,( 
dx 


+ 


dx 


'2|C|' 


< 


1C - p(x“, 0,0)1 1C - 0,0)1 

2 /2|C|\^(-“+b 


= P- 


ICcI P(«-1 )'.P 
y (2|CI)^ , (2|CI)^ 1 
V ICcI a - I ICcI 


We have d?]) by 
Put 


is obvious. 


^s,p 


□ 


dx 

q 1 + PX" ' 


By Proposition 16.21 we have the following. 
Proposition 6.3. Let <!>„ he as above. Then 


sup 


ici<i?ivyC(0 

holds for every R> 1. 


< 


Ct 1 + Q 

P. 


E Y;,p - 2 


n=0 


CL l + CK 

p 




7 Distance 

In the previous section we have estimated !<!>„ — p\ f^o^ fh® above 

onP(P,P). 

In this section we introduce more general positive functions $ and <I>oo, 
and induced metric d, doo on respectively. What we hope to show in this 
section is that if we £x a very large P > 1 and assume that sup^(^ £,) |<I) — 
‘hool < js holds for a very small £ and every P < 1, then the identity map 


12 
















of becomes the (r, 5)-isometry from (M^, d, 0) to (M^, d^o, 0), for a large r 
and a small 6. Here, we explain the difficulty to show it. 

We hope to show that sup^(^£)) \d — doo\ is small for every R > 1 and 
0 < D < 1. By the estimate of sup^(j:j^^) |<h — <hoo|, it is easy to see that 
^^Pk(r,d) \dR,D — doo,R,D\ is small, where dR^n (resp. doo,R,D) is the Rieman- 
nian distance of the Riemannian metric ‘hho|x(R,D) (resp. *hooho|x(i?,D))- 
However, dR^D may not equal to d in general since the geodesic of <hho 
joining two points in K{R,D) might leave from K{R,D). To see that 
supx(R,D) \dR,D — d\ is sufficiently small, we have to observe that a path 
joining two points in K{R,D) which leaves K{R,D) can be replaced by a 
shorter path included in K{R,D). 

In this section we consider positive valued functions ‘h,‘hoo £ C'°°(R^\1) 
satisfying the following conditions for given constants R> 1, m, e, Cq, Ci > 0 
and K > 0. 


(A3). 

|$(C)-$oo(C)l<;^ 

|$(C)-^oo(C)l<§ 
holds for any D < 1 and ( E K{R, D). 

(A4). Along the decomposition = R © C, put C = (Cr) Cc) G R © C. 
Then 

*^(Cr, e*®Cc) = *^’(Cr, Cc), *^’(Cr> Cc) < *^’(Cr> Cc) 

‘^oo(Cr) e*®Cc) = ‘^oo(Cr) Cc), ‘^oo(Cr, Cc) < ‘^oo(Cr, Cc) 

holds for any e*® G if |Cc| > ICcl- 

(A5). 

min{<h(C) <hoo(C)} > I 
mmin-©j,n-oo©H _ I (if |C| < 1). 


(A6). For any u > 1 and C G R^\l with |^| < n. 


$oc(C) < 


CiU^ 

ICcl 


holds. 
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Remark 7.1. Let $ = <l>a and $00 = ®sp be as in Section O Then they sat¬ 
isfy (A4), and also satisfy (A3) (A5) (A6) for appropriate constants e, Cq, Ci 
given by Propositions 16.11 and I6.21 

From now on, let $, $00 satisfy (A3-6) for constants R, e, Cq, Ci, k. De¬ 
note by d, doo the metric on indnced by $ • h, <Foo • h, and by I, loo the 
length of the path with respect to d, doo, respectively. 


7.1 Estimates (1) 

Let B(m) := G |C| < u} and Path(-u, x, ?/) be the set of smooth paths 
in B (n) joining x,y E B(m), then pnt 


du{x,y) 

doo,u{x, y') 


inf /(y), 

7GPath('U,x,y) 

inf looil), 

'y£Pa.th.{u,x,y) 


for r. By the dehnition, d{x,y) < du{x,y) and doo{x,y) < doo,u{.x,y) always 
hold. However, the opposite ineqnality may not hold, since the minimiz¬ 
ing geodesic 7 joining x,y E B(m) may leave from B(n). The goal of this 
subsection is to show dp(u){,x,y) < d{x,y) and doo,p{u){x,y) < doo{x,y) for a 
sufficiently large p{u). 

Proposition 7.2. Suppose $,$00 satisfy (A3-6). Let Du and Du,u' be the 
diameters o/B(f) with respect to d and du' respectively, where < u < u'. 
Define Doo,u CLi^d Doo,u,u' in the same way. Then the inequality 

2^^(\/KI- 1) < min{d(0,C),doo(0,C)} 

holds for all ( E R^, and 

d{0, C)<Du< Du,u < C2U^' 

*^Oo( 0 , C) ^ DoO,U — Doo,U,U Cl C 2 U 

hold for all ( E R^,m > 1 with |C| < m < R, where C 2 is the constant 
depending only on Ci and k' = 

Proof. First of all we show the hrst inequality. Let 7 : [a, b] —>■ R^ be a 
smooth path such that 7 (a) = 0 and 7 ( 6 ) = (. We may suppose |C| > 1, 
since it is obviously satished when |C| < 1. Then there is s G [a, b] such that 
| 7 (s)| = 1 and | 7 (t)| > 1 for any t E [s,&]. Then by the assumption (A5), 
one can see 

^( 7 ) = ^ \/H^W\dt> 
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Since we have | 7 '| > I 7 I' holds, we obtain 

1(7) > f >27a;(7io- 1 ) 

for all ^ G with |C| > 1 . 

By the dehnition, (i(0,C) < Du < Du,r^ < Du,Rq always hold for any 
u < Rq < Ri and G with |(^| < u. Next we estimate Du,u from the 
above. For every (, we prepare the piecewise smooth paths 7 ^ in B(m) joining 
0 and ( as follows. Then we have an upper bound 

Du,u < 2 sup /( 7 ^). 

C6B(«) 

Here we dehne 7 ^ as follows. Now we have the isometric S'^-action on with 
respect to d, doo by (A4). By supposing 75 * 6 ^ = 6 *^ 7 ^, it suffices to consider 
7 ^ in the case of C = 'r(sins, — coss, 0), where r > 0 and —n < s < n. Let 

7cl[o,i](^) := (0,-rt,0), 

7 cl[i,2](^) := r{sm{s{t - 1 )}, - cos{s(t - 1 )}, 0 ). 

Since C e K{R, |Cc|) holds, (A3) gives |<F(C) -<hoo(C)l < |^, and (A6) gives 
4 * 00 (C) < Ciu^/\(c\- Then we can see 



< 27/^ + 27/^iU^. 


Simultaneously, we also have 
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Here, finite. Since u > 1 and k > 0, we may snppose 

max{y^, \/vP^} = By combining these estimates and pntting C 2 = 

(2 + fo^ we have the assertion. The estimate of Dao,u,u also 

obtained by the above argument. □ 

Proposition 7.3. Suppose $,$00 satisfy (A3-6), and let 

pit) := max{t - 1,(1 + 


for t > 0, where C 3 = and C 2 is the constant in Proposition \ 1. Then 
dp(u)ix,y) = d{x,y) and doc,p{u)ix,y) = dooix,y) holds for any x,y e B(m) 
and 1 < u < R. 


Proof. By the dehnition, dix,y) < dp(u)ix,y) always holds. We assume 
dix,y) < dp(u)ix,y) for some x,y G B(m). Then there is a smooth 7 : 
[a,b] —>■ joining x and y such that dix,y) < /(y) < dp(^u)ix,y), which 

implies the existence of c G [a,b] satisfying | 7 (c)| = p(m). Then one can see 

^(7) > > c?( 0 , 7 (c)) - d( 0 , 7 (a)) 

> 2\/^i^^/~p(u) — 1 ) — Du,u 

> 2V^(V(1 + C'3M-')2 - 1) - C2U^' 

> 2C2U^' 


by Proposition 17.21 On the other hand, we have 

^p{u)ix^y) ^ hD.fj^p(pp + dDu,u — C2'a 
by Proposition 17.21 Therefore we obtain 

2C2u'^' < l{'y) < dp(u)ix,y) < C2U^', 

we have a contradiction. dooix,y) = doo,p{u)ix,y) is also shown in the same 


way. 


□ 


7.2 Estimates (2) 

In this subsection, let 7 : [a,b] —)■ B(m) be a smooth path joining x,y ^ 
M^\L(Z 1 ) where 

LiD) := {C G Kcl < D}. 

Now, we are going to show that if 7 is a minimizing geodesic joining x and 
y, then it never approaches to the axis {{t, 0, 0) G t G M}. To show it, if 
the given 7 invade LiD), then we modify 7 and construct the new path c.y 
not to invade LiD). 
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Lemma 7.4. Suppose $, 4>oo satisfy (A4). Let 7 = ( 7 r, 7 c) : [a,b] —)■ = 
R©C be a smooth path satisfying that | 7 c(a)| = | 7 c(^)| = D and | 7 c(^)| < D 
for any t G [a, b]. Define : [a, b] —)■ by 

P'rit) := (7R(t),7c(a)). 

Then l{P-y) < ^( 7 ) and looiP-y) < ^ 00 ( 7 ) hold. 

Proof. Since <l>( 7 (t)) > 4)(P^(t)) holds by the second inequality of (A4), and 

i7? = Kr+i7cr>i7Mr = ii^;r 

holds, we can deduce 

Ki)= /V*(7W)iywi*> [ 

J a J a 

□ 

Let 7 : [a, b] —)■ R^ be a smooth path joining x,y E M.^\L{D), and assume 
that |7c(aOI = l7c(^0l = ^ ■j{{a',b')) is contained in L{D) for some 

a < a' < b' < b. Then define a new path r( 7 , [a', 6 ']) : [a, 6 ] —)■ R^ by 
connecting 

71 [a,a'] 5 -^71 [a'. 6 ']’ ^ 7l[b',b]- 

Here, by choosing appropriately, r( 7 , [o', 6 ']) is the continuous and piece- 
wise smooth. By Lemma 17.41 the length of r( 7 , [a', 6 ']) is not longer than 
that of 7 since rotation preserves d and doo- 

Put J := 7 “^(L(P)) n (a, 6 ). Since J is open in (a, 6 ), it is decomposed 
into the disjoint open intervals such as 

~ I_I (®(?5 bq) 

q&Q 

respectively for some a^, bq G [a, b] and countable sets Q. If q E Q, then 
| 7 c(og)| = llcibq)] = D holds. Then we have 71 ;= r( 7 , [ 0 ^, 65 ]) for a hxed 
q E Q, moreover we obtain 72 := r(7i, [a^/, 6q]) for another q' G Q, and 
repeating this process for all g G Q we hnally obtain the piecewise smooth 
path c : [a, b] R^ such that c(a) = 7 (a), c( 6 ) = e*® 7 ( 6 ) for some and 

Kc) < /(7), / 00 (c) < /oo(7)- 

Here, we have to modify c so that the terminal points of both paths co¬ 
incides. Put b := sup{f G [a,b]; | 7 c(t)| = D}. Then define a path 7 by 
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connecting and Here, to connect c{b) and 7(6), we add the path 

cbq : [ 0 , 6 * 0 ] —)■ dL{D) dehned by cg^{t) = e** 7 ( 6 ). Then by (A6), we obtain 
K^do) — ^<^ 1(1 + u^)\fD and /oo(c 6 )o) < \/Ciu^'/D if | 7 ( 6 )| < u < R. Hence 
we have the following proposition. 

Proposition 7.5. Let D < 1 and 1 < u < R, and a;,|/, 7,7 be as above. If 
the image of'y is contained in B(m), then we have 

6(7) - 6(7) < a/Ci(1 + m^)\/[D, 

looin) - ^ 00 ( 7 ) < \/C^y/D. 


Proposition 7.6. Let x, y, 7,7 be as above. If the image of 7 is contained 
in B iu), then the image of ^ is contained in B(m + D)\L{D). 

Proof. It is obvious by the construction that the image of 7 is contained in 
R^\L{D). 

Since S'^-action preserves B(m) and 


< 




T)7c(t)y2 

’ IbcWlv* 


< h\" + D^ 


holds, we have th assertion. 


□ 


7.3 Estimates (3) 

Let 


Path(M, D, X, y) 

du,D{x,y) 

^00,1i,Z)(^7 2/) 


{7 e Path{x,y)] Im(7) C K{u,D)}, 
inf 6(7) 

'y£Pa,th.(u,D,x,y) 


inf 

7GPath(tA,Z),x,y) 


^oo(t)* 


for x, 1/ G K{u,D). By the dehnition, d{x,y) < du,D{x,y) always holds. In 
this subsection we consider the opposite estimate. 

Lemma 7.7. Let ( := (Cr, if Cc 7 ^ 0 , and ( := {Cm,D) if (c = 0. 
Suppose <h, $00 satisfy (A3-6), and 1 < u < R. 

(1) If C ^ L{D) n B(m — 1 ) and 0 < D < 1 , then 

duiC, C) < 2^/Cl{l + u'^)D, doo,u{C, C) < 2y/CptRD 


hold. 
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(2) If C ^ L{D) D K{u — 1 , D) and 0 < D < 1 , then 


du,D{C, C) < 2\/Ci(l + u^)D, doo,u,D{C,C) < 2\/CiU^D 

hold. 

Proof. Let 7 (t) = (Cr, tCc) for t G [|Cc|/-D, 1]. Then 7 is joining ( and (, and 
the image of 7 is contained in B(m — 1 + D) C B(m). Then by (A3,6) we 
have <h( 7 (t)) < Ci(l + u'^)/{tD). Then we have 

du{C.C) < Kl) < 2^C^{l + u-)D. 

Moreover, if C ^ K(u — 1,-D), then the image of 7 is contained in K{u,D), 
therefore we have 

duMCX) < Kl) < 2y/Ci(l + u'^)D. 

The estimates for doo,u{Cy C) and doo,u,D{C-, 0 follows in the same way. □ 

Proposition 7.8. Suppose <h, $00 satisfy (A3-6) and let p he as in Propo¬ 
sition^^ If p{u + 1) + 1 < i?, then 

\dp(^u+i)+i^D{.x,y) - d{x,y)\ < f{u)\/D 

\doo,p(u+i)+pD{x,y) - doo{x,y)\ < ^oo{u)'/D 

holds for any x,y E K{u, D) and 0 < D < 1, where 

i{u) := y/C'i(l + {p{u + 1) + 1)'") + 8v^Ci(l + (m + 1 )'") + 2, 

^oo('w) := y/Ci(p('W + 1) + 1)^ + 8y/C*i {u + 1)'^ + 2. 


Proof. Since d{x,y) < dp(^u+i)+i,D{.x,y) always holds, it suffices to show that 
dp(u+i)+i,D{x,y) - d{x,y) < i{u)y/D. Let x,y E K{u,D) and 0 < D < 1. 
By the assumption p{u + 1) + 1 < R and the dehnition of p, m + 1 < i? 
holds. Dehne h G as in Lemma [7.71 if x E L{D), and x := x ii x ^ L{D)- 
Dehne y in the same way. Then we can see x,y E B(m + 1)\L{D) and 
du+i,Di^,x) < 2yC^Xi^ {u + 1)^)D by Lemma fTTl consequently we obtain 

“ 1 “ {y,y) < 4yCi(i + {u + iY)D. ( 10 ) 

For any 7 G Path(a;,p), we construct ^( 7 ) G Path(p(M + 1) + l,D,x,y) 
as follows. By the Proposition 17.31 we can see 

l{'y) > d{x,y) = dp(^u+i){x,y) = inf /(c), 

cGPath(p(ii+l),tc,y) 
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accordingly we can take c G Path(p(M + 1), x, y) such that l{c) < /(y) + \fD. 
Then we can apply the argument in Section IT^ to x, y and c so that we obtain 
piecewise smooth paths c whose image is contained in B(p(m + 1 ) + 1 )\L(-D), 
hence in K(p(u + 1) + 1, D). Then we have 

liminf /(c) - /(c) < a/C'i (1 + {p{u + 1 ) + 1 )'')T>, 

k^oo 

by Proposition I7.51 Therefore, there is a sufficiently large /c, which may 
depend on n and D, such that/(c) —/(c) < ■\/C'i(l + {p{u + 1 ) + 1Y)D+\/1D. 
Put F{'j) = c. Then we can see 

/(F(7))-/(7)</(F(7))-^(c) + /(c)-/(7) 

< ^<^ 1(1 + {p{u + 1 ) + l)^)D + y/D + y/D 

= WCi{l + ipiu + l) + l)-) + 2}^/D. 

Thus we obtain -^( 7 ) G Path(p(M + 1) + 1, D, x, y) for every 7 G Path(x, y), 
such that 


/(F(7)) - /(7) < {VC^i(l + (p(n+ !) + !)-) + 2 }^. (11) 

By taking the inhmum of flTT]) for all 7 G Path(x,y), we obtain 

dp{u+i)+i,D{x, y) < d{x, y) + {\/C'i(l + {p{u + 1) + 1)'^) + 2}^/D. (12) 

Since p{u + 1) > n + 1, we have 


Mp(u+ 1)+1,_D(^) ^) *^p(u+l)+l,_D (^)//) I ^ *^p(n+l)+l,D (^) ^) T *^p(u+l)+l,_D (//;//) 

< du+i,D{x, x) + du+pniy, y) 
<A^JCi{l + {u + lY)D 

|c/(x, y) - d{x, y) \ < d{x, x) + d{y, y) 

< c?«+i,d(£, x) + du+pD{y, y) 

<aYcyi + {u + iY)d 


by flTU]) . hence 

c/p(„+i)+i,D(a:,|/) < dp(u+i)+i^D{x,y) + Ci{l + {u + lY)D 
d{x, y) < d{x, y) + A^Ci{l + {u + 1Y)D 


hold. By combining these inequalities with flT^ . we obtain 
c?p(u+i)+i,d(x, y) < d{x, y) + ^iu)'/D. 


The second inequality can be shown in the same way. 


□ 
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7.4 From (A3-6) to (Al-2) 

Proposition 7.9. Suppose that $oo satisfy (A3-6), and let 7 : [a,b] 
K{u, D) and 1 < u < R. Then 


1^(7) -^00(7)1 < 


eu 


C.D' 


■^oo(7)- 


holds. 


Proof Since l{-f) = ^<^(j(t))jy(t)jdt, one can see 

1^(7) - ^00(7)1 < [ V|$( 7 ) - ^oo( 7 )I| 7 'M^ 

J a 

7 /|4(7)-4o„WI /tt^, 

L V *~(7) '* 

by (A3,5). Since we have assumed I 7 I < m and m > 1, we have 


< 


< 


1^(7) -^00(7)1 < 


eu 


C.D^ 


■^ 00 ( 7 )- 


□ 


Proposition 7.10. Suppose that $,$00 satisfy (A3,5,6), then, 


/ £U 

\du,Dy^y) - doo,n,Dy,y)\ < J-^rj^doo,u,Dy^y) 
holds for all 1 < u < R. 


Proof. Put 5 = y CqD^ • Then Proposition 17.91 gives 

(1-5)/oc(7)<^(7)<(1 + 5)^oc(7)- (13) 

Then by taking the inhmum of fflSD for all 7 G Path(M, D, x, y), we can see 
(1 - (5)cioo,«,D(a:, y) < dn,u,D{x, y) < (1 + 5)d,,o,u,D{x, y) 
for all M > 0 . □ 
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Proposition 7.11. Suppose that <1), $00 satisfy (A3-6) m < 1, and letu^'^^ : = 
p{u + 2) + 1 < i?. Then we have 

\d{x,y) - doo{x,y)\ < + 4\/Zl 

+ + (9^^ + 2 )V:D}, 

for all x,y E B(m). 

Proof. Put = p{u + 1) + 1 and let x,y E K{u,D). Then < R. By 
combining Propositions 17.81 and 17.101 we have 


\d{x,y) - dooix,y)\ < \d{x,y) -d^m^D{x,y)\ + |d„(i),zj(x,?/) - d^^^(i)^D{x,y)\ 

+ \doo{x,y) - doo,«(i),n(a^,l/)l 


< f{u)VD + f^{u)VD + 


CqD^^ 


■iW 


,D{^,y) 


< 2^{u)^/D + 


end) 

CqD^ 


(*^oo(x; y') T ^ 00 {u)Xd). 


By the Proposition 17.21 Doo,u < C 2 u'^' holds if n > 1, consequently doo{x,y) 
is not more than C' 2 m'' . Therefore we obtain 


\d{x,y) - doo{x,y)\ < 2 ^{u)\/D + 


end) 

CqD^ 


{C2U^' + U{u)^/D) 


for all x,y E K{u, D). 

Next we consider the case of x G B(m) but not contained in K{u, D). In 
this case x G B(m) fl L{D) holds, hence we can apply Lemma fTTl Let x be 
as in Lemma 17.71 Then we can see that 

d(x,x) < 2^/C^fl+Ju^^Ty^ 

and X is contained in K{u + 1,D). Here we suppose that y is also contained 
in B (u) n L{D), and follow the same procedure. If y is in K{u,D), then 
suppose y = y in the following discussion. Now we have 

|d(x, y) - d{x, y)\ < d{x, x) + d{y, y) < 4y/C'i(l + (u + 1 )'‘)T>, 

hence we can see 

\d{x,y) - d^{x,y)\ < 8y/Ci(l + {u + 1Y)D + \d{x,y) - d^{x,y)\ 

< 8 \/ Ci(l + (u + + 2 (^(m + l)'s/13 


+ 


eud) 

CoD^ 


{C'2(m + 1)'^ + ^oo{u + 1)\//1}. 
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Since ^{u) is monotonically increasing and u + 2 < < R holds, we have 

+ 1) < 9\/Ci(l + R'^) + 2, ^oo('w “1“ 1) ^ 9^ CiR'^ + 2 

□ 

Corollary 7.12. Suppose that $, <hoo satisfy (A3-6) and e < 1, and let 
:= p{u + 2) + 1 < i?. Then there exists a constant C independent of any 
other constants such that 

\d{x,y) - doo{x,y)\ < C (1 + \/Ci){l + . 

for all x,y E B(m). 

Proof. In Proposition 17.111 let D = < 1. As described in the proof of 

Proposition 17.21 C 2 is linearly depending on \/Ci. Then assertion follows by 
using i? > 1, £ < 1 and unifying constants. □ 

Proposition 7.13. Suppose that <I)(C) > holds for some A > 0 and all ( 

with Id < 1, and let u{r) := (1 + ^ ■ Then Bif).^r) C B(M(r)) holds for 

all r > 0, where 5(0, r) are the metric ball with respect to d. 

Proof. Let C, E 5(0, r). Then by the same argument in the proof of the first 
inequality of Proposition 17.21 we have 

2 ^/I(^-l)<d( 0 ,C)<r, 

which gives Id < (l + '^)^ = «(r-). □ 

Proposition 7.14. Suppose that <h, $00 satisfy (A3-6) and suppose £ < 1. 
Then the identity map o/M^ is {r, 6)-isometry from (R^,d, 0) to (M^,(ioo,0), 
where r, 5 > 0 are defined by 

p{u{r) + 2) + 1 = 5, 5 = C(1 + y^)(l + 

Proof. Let x,y E 5(0,r). Then x,y E B(M(r)), hence 

\d{x,y) - d^{x,y)\ < C(1 + \/^)(l + Co'")5^+t£2(i+-) (14) 

holds. Next we show 5oo(0, r — 6) C 5(5(0, r),6). If a: G 5oo(0, r — 6), then 
X E B {u{r)) holds, therefore flTT)) gives 

(i(0, x) < (ioo(O) x^ -\- C{\ -\- y/Cl)(1 + Cq ^) 5 ^~*~ 2 £: 2 (i+m) 

<r-5 + C{l+ v^)(l + = r, 

which implies 5^0(0,r — 5) C 5(0,r). □ 
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By Propositions 17.131 and Proposition 16.31 the following estimate is ob¬ 
tained. 

Proposition 7.15. Let be as in Section{^ and assume “ 

2a^ > 0. Then snp^pR^n,.'i —is not more than 

PC6P(0,r) 



Combining Propositions 17.141 and 17.151 we obtain the following theorem. 

Theorem 7.16. Let ai^Pi^Ui > 0, limj^ooOi = 0 and limj^ooPi —^ oo. Put 
Si,ni,Ti^ni as in Section\B Suppose that there are constants e = ei{R), Cq, 
Cl, K, m for all R> 1 such that <h = <ha. and <hoo satisfy (A3-6). If 


lim ei{R) 

i^oo 


hm ^ = 0, 
1^00 


liminf VaP’"' p > 0 


z=o 


and Co,Ci, K,m are independent ofi,R, then 


{{X,aigK,p)}i (M^,(ioo,0). 

i—>oo 


Proof. Fix r > 0 and 5 > 0 arbitrarily. Pnt R{r) = p{u{r) -|- 2) -|- 1, and let 
C > 0 be the constant in Corollary 17.121 By the assumption, there exists 

i{r,5) > 0 such that C{1 + \/Ci){l + Cq ^)i?(r)^+^£i(i?(r)) 20 +^ < | holds 
for all i > i{r,5). Then by Proposition 17.14l idjRS is the (r, |)-isometry from 
(R^,(ia.,0) to (U.^,da^,0). By Proposition 17.151 we can take i'{r,6) > i{r,5) 
such that sup^g 5 (o,.) < | for all i > i'{r,5). Then Proposition 15.11 

gives the assertion. □ 


8 Convergence 

In this section we consider the convergence of {(27, aigpf)}i, where A is the one 
dehned in Section [6l and {ai}i is a sequence with a* > 0 and limj^ooCti, ap¬ 
plying Theorem 17.161 To apply them, we have to estimate constants e, Cq, Ci 
in (A3-6) uniformly with respect to i G N, and show that £ 0 as i —)■ 00 . 

In Section ISTTl we consider the uniform estimate for the case of P = 1, which 
is the simplest case. In Sections 18.21 and 18.31 we suppose P is depending on 
some parameters. Then we apply them to show Theorems 11.21 and 11.31 in 
Sections 18.41 and 18.51 
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L X 

Put Sa,n ■= a^+°‘K 2 n and Ta^ri '■= K 2 n+i- We take a subsequence 

{Kn^ < Kn^ < Kn^ < ■ ■ ■} ^ {Kq < Ki < K2 < ■ ■ ■}. 

We are now going to consider the convergence in several cases according to 
the rate of the convergence of {ai}i, or the divergence of {Kn}n- 
From now on, we put 

dx 


- /■’ 
Js 


dx 

1 + x"' 


8.1 Convergence (1) 

Fix a>0, n, 0<S'<T <cxo and put P = 1. 

Proposition 8.1. Let R > 1 and D < 1. There exists a constant > 0 
depending only on a such that 




< 


Cr\^ r 


P = n l + o: 


D ’ 

-J— , K2n-1 


Sa,n + ( 


K2n+2 


K2n 

+ \S^^^-S\ + \T- 


T 

-*■ n. 


\ —Ct+l 


-^2n+l 

—a+l _ a+ll 


holds for any C ^ K{R, D). 

Proof. By combining Propositions 16.11 and ([7])([ 8 ]), we have 






D 


D 


0 — 1 


if Sa,n+i > (2|CI)“- Here, |C| < R and 


C TT— TP R-'2tI-\-‘ 2 rji 

ha,n+l n “-h-2n+2 hn 


Tan—l 1 


K2n+l 
K2n-l 
K2n 




On the other hand, we can see 

4>s:;;(c) - 4>J(c) 


^ |g„.„ - s\ ^ - T 


— Ct+l I 


D 


a — 1 


we obtain the assertion. 


□ 
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Now, we put $ = $oo = ^5, and suppose a, |S'a^„ — S\ and — 

are sufficiently small. Then the constants in (A3-6) can be taken 
uniformly such as 

„ 1 „ a2a 1 

Co = Cl = -m = 1, K = 

2 a — 1 a 

Then by Proposition 18.11 if lim^^oo = oOj then we have ea,n —)■ 0 as 

a —)■ 0, n —>■ oo, \Sa,n — S'! —)■ 0 and —)■ 0. Hence by Theorem 

17.161 we have the next results. 

Theorem 8.2. Let {X,gjC) be as in Section\^ and suppose hm„^oo = 
oo. Assume that {ai}i C M’*' and 

{Kn^ <Kn^<Kn^<---} ^{Kq<Ki< K2 <■■■]. 


satisfies 

lim al*°‘K 2 ni = 5 > 0, lim ai+“iP 2 „.+i = T < 00 , S <T. 

i^oo i^oo 

GH 

Then {{X,angA,p)}n —> where dfi is the metric induced by • 

ho- 

8.2 Convergence (2) 

Let {X,dx,p) and {Y,dY,q) be pointed metric spaces and lim^^oo = 0. 

GH 

Assume that {{X, andx,p)}n —t iY^dy^q)- Then it is easy to check that 

{{X,sandx,p)}n —t {Y,sdY,q) for any s > 0. Moreover, if {an,m}n,meN 
satishes lim„^oo a,n,m = 0 for every m and 

GH GH 

{[X.,an,mdx^p)}n t {Y^-i dy-^i qm) i dymi qra)'\m t {Ydy ■, qfi 

hold for every m, then by the diagonal argument one can show there exists 
a subset {an^m{n)}n Y. {a-ii^m}n,m such that \i'nin—^oo (^n,m{n) 0 and 

GH 

{(^, P)}n t {Y^ dy ^ qfi 

Now, let T(A, d) be the set of isometry classes of tangent cones at inhnity 
of {X, d). From the above argument, one can see that T(X, d) is closed with 
respect to the pointed Gromov-Hausdorff topology, and if iY,d') G T{X,d), 
then its rescaling {Y,ad') is also contained in T{X,d). 
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From Section 18.11 (M^, dig, 0) may appear as the tangent cone at infinity 
of some {X,g/0, where A is as in Sectional 

Let (T>0, 0 <S'<T<cx 3 and ^ be the dilation. Then we 

have 


(Kjfto) = P 


^ I pa(l + a) J' , 


,(^)^o = $i:p(c)ho, 

po,(l + a) g 


where 


S' = PT^S, T' = P^T. 


(15) 


Hence if G T{X,g\), then 0)}o-eR+ is also contained 

in T{X,gA). 


(1). Fix a constant 9 > 0, pnt Pi+« = 6*\/S'“"+^ — T““+^ > 0, and let 
S',T' be defined by fITHD . 


Proposition 8.3. Let R > 1. There exists a eonstant C > 0 depending only 
on a such that 


‘^s',p(C) 


< 


CR 


6»2(a - 1) “ 6'3S'"\/5 '-“+i - T-"+i 


holds for any C G K{R,D) z/- T-“+i > 2R. 


Proof. Note that 


pc{i+<.)T 

Jp^g K-(XT0,0)1 • 

By the assumption, we have Pi+“S" = 6'S'"\/S'“"+^ — T-“+i > 2P, then 
can see 


we 


1 

a(l + Q:) p 


dx 


^p ci(1 + q:) P 


dx 


1C-(x",0,0)1 x° 


< 


< 


I 

„pa{l + 0!) P 

Ipa{l + a) g 
1 

n p q:(1 + q:) P 


1C — (x“, 0, 0)1 x° 


dx 


2x1CI + ICI‘ 


1C - (x",0,0)|x“(|C - (x", 0,0)1 +x“) 

1 1 
pa(l + a) p pa(l + a) p ^^2 

< / . -^dx + 


■dx 


f 1 9pv 

/p q:(1 + q:) ^ X 


I 1 dx 

a{l+a) ^ X 


— 2c>: + l —3 q: + 1 

q:(1 + q:) 4 P a(l + Q;) 

^ c-2a+l _ 2i-2a+l\ I / c-3a+l 

“ 2a - 1 ^ ^ 3a - 1 ^ 


p—3o+l^ 
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Since we have 


pa(l + a) rp -0 + 1 1 

r _ „+i. ^ P° 

Ip^^s a-1^ ’ e^{a-iy 


we obtain 


‘^S',p(C) “ 


e^{a-l) \ - 2a- 1 


^ 8RP ^+°‘ _ y_2Q+lj 


AR^p—o 
3q; — 1 


—3o+l m—3a+l'i 




Using the assumption 2R < Ri+^S^ once more, we have 


®5',P(C) - 


^ 8RP^+°‘ ^^_2q,-|-1 _ J^-2a+l'^ 


02(a-l)| - 2a-1 


2i?Pi+“ 
3q; — 1 


'i—2a-\-l oarTH—3 q:+1\ 


< i-(siTr-\ 

{1 - (P/T)“-i}i 

Now, put fix) := for 0 < a; < 1. Then there exists a constant C' > 

^ ' (l-a;“-l)2 - " 

0 such that fix) < C'^il — a ;““^)“2 holds for all 0 < a; < 1. Consequently, 
by replacing larger if necessary, we can see 


‘^s',p(C) “ 


6'2(a -1)1“ 6'3S'“V5'"“+^ - T-“+i' 


Proposition 8.4. Suppose 9S°‘\/ 5'““+^ — T““+^ > 2i? for R>1. Then 

,T' 1 > N 2|C| 

'^*'•'’-292(0-1)’ ‘•’s',f(C«,Cc) < 

holds for any ( = (Cr, Cc) G = M © C with |C| < R- 
Proof. We have 1 < S~°‘x°‘ for all x > S, then we can see 


A%p > 


'S P““a;" + P i+“ a;^ 


PTT^(5'-« + p—) Js X°‘ 

1 p—0+1 _ j^—a+l 

PT^p-o(l + popT^) 0-1 



Since we have 


S^pj^ = eVS-'^+^ - T-“+i > 2 i? > 1 , 


we obtain 


A' 


T' 


S',P — 


> 


^—a+1 _ 'j^—a+l 


2{a - 1)P^S-^ ■ S^P^ 202 (a - i) 


Next we consider the upper estimate of $g/p(C)- Take ( such that |C| < 
R, then we have 2|(^| < Pt+^S°‘ by the assumption. Then one can see 


p(c) < p--^ 


2dx 




's Pi+«X° 


a 


< 


< 


2|Cl 


Q\a-\) - 02(a-l)|Cc| 


□ 


1 


Proposition 8.5. Let $ = p and $oo = g 2 (Q._i) 
such that $, <hoo satisfy (A3-6) for R> 1 and 


. Then there exists C > 0 


m = 1, e = 
1 


CR 


= ''“I. 


^0 = 


202(a- 1)’ 


-T-“+i > 2R. 


Proof. It is obvious that (A4) holds. Proposition 18.41 gives (A5) for Cq = 
29 ^{a-i) 6 *S'“\/S'“"+^ — T“"+^ > 2R. (A6) holds for Ci = g 2 (-a_i) 

since Combining 6 *S'"\/S'““+^ — T“"+^ > 2R and 

Proposition 18.31 we can see e < ^. □ 

Now, Propositions 17.141 and 18.51 with 0 = 1 gives the following theorem. 

Theorem 8.6. Let {5*}* and {Ti}i be sequences such that 0 < S', < T, < 
oo and limj^oo Sf = oo, then {(M^, 0 )}* converges to 

(M^,ho,0) in the pointed Gromov-Hausdorff topology. 
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(2). Next put Pi+“ = 6\T — S\ ior 0 < S < T and 6^ > 0, and let S',T' be 
as in ([15]). Then we can show the following similarly to Proposition 18.91 


Proposition 8.7. Let D > 1. 

1 




S'P 


( 0 - 


$ 


^ICI 

5tp(C) - ^ 


ITe have 
2 


< 


< 


9D' 

1 + 0T“(T - S) 

ZP 


T“(T- ^). 


for allC^ K{R,D). 

Proof. The hrst inequality is obviously shown by < Jd ci-nd < -^. 


The second inequality follows from 
1 

— 

dx 


a(l+Q;) p 
1 


pa(l + a) s 1 C — (x", 0 , 0)1 


pa{l + a) g Id 


^p a(l+Q;) p 


< 


< 


2a;"|d + x' 


2a 


1C- (a;", 0,0) I Id (1C- (a;", 0,0)1 + |d) 


dx 


^p a(l+Q;) p 


Ipa(l + a) 5 


2a;“ 


pa(l+a)T ^ 2 a 

dx+ I , 




J pa{l+a) 5 
+ p4l+a) (^p2a+l _ 5'2a+l^ 
P3 


= c„«'nT“+'(T - 1 - (g/r)°^‘ + 9(r - 5)r°(i - 

By the similar argument to Proposition 18.31 we can replace 1 — {S/T)°‘~^^ or 
1 — (S'/T)^"+^ by 1 — S/T, hence we obtain the assertion. □ 

Proposition 8.8. 


> 


1 


- e{i + eT^{T - s)) 

holds for any ( = (Cr, Cc) G = M © C. 


5 *^S',p(CR; Cc) < 


Proof. One can see 


rrif 1 

= P~~ 


dx 


's 1 + Pi+“X° 


> P 1 + 0 


> 


dCcI 


dx 


Js 1 + Pi+“T'^ 
T-S 


Pi+“ (1 + Pi+oT“) 

1 

e{i + eT^{T - s))' 
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We can also obtain 


p(C) < 


T-S 

-P^ICcI 


1 


□ 


Combining Propositions 18.71 and I8.81 the next proposition is obtained. 

Proposition 8.9. Let and ‘hoo(C) = Then <hoo satisfy 

(A3-6) for R> 1 and 

m = 3, e = {l + eT^{T - S))T^{T - S), 

1 2 
^ 6(1 + eT^{T - S))' ^^^9' ^ 

for any 0 < S < T. 

By Propositions 17.14I and 18^^ for 6* = 1, we have the next resnlt. 

Theorem 8.10. Let {S',}* and {Tj}j be a sequence such that 0 < S'* < Tj 
and limj^oo^“|^i — *S'J = 0, then {(M^, 0)}* converges to (M^, j^hojO) in 

the pointed Gromov-Hausdorff topology. 


8.3 Convergence (3) 

Here, we fix a > 0 and n and snppose that Ta^n = a'^K 2 n+i is snfficiently 

1 

small and S'a,n+i = a^+°‘K 2 n +2 is snfficiently large. Fix P and 9 snch that 


Pl + o 


= 9iTa,n - Sa,n) = ■/ 


q—a + 1 


a,n-\-l • 


Pnt S', = P^ 


Sa,i and T! = Ptt^T, 


a^l • 


Proposition 8.11. Let P > 1 and D < 1, and P be as above. Assume 
1 

Pa(i+a) s^^n +2 > {2R)a. Then there exists a constant Cq, > 0 depending only 
on a such that 


ItoK) - ■s>tLF(C) 


T' 

<f) n+l 
^ q/ p 


(01 < 


for any ( G K{R,D), where ea,n is the constant defined by 


1 -e JV2n-l -^2n+V 

9{K2n+l - K2n) 


l + K 

^a,n 
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Proof. By Propositions 16.11 and (I7])([H]), we have 


rpf n~'f 

|<J) _ I < 

\^a ^S' P ^S' P\ — 


2(f) i+- +Pi+-T„,„_i 
D 


+ 


o c—0+1 
^>^a,n+2 


2 

Pl+Q 


(a - 1) 


if P“(i+“)S'a,n +2 > (2P)«. Since we have 



1 

1+a 


Pl+“Ta,n-l 

Q —Q+l 
^a,n-\-2 
2 

Pl + a 


e{K2n+l-K2ny 

K2n-1 

e{K2n+l-K2ny 

g2~„r/ 

^-0+1 _ ^-0+1 ’ 
-'^'■2n+2 -'^'■2n+3 


then we have the assertion. 


1 

Here, the assnmption P“(i+“) Sa,n +2 


> (2P) a can be replaced by 


/ K2n+4: 
^K2n+2 


qa 

*^a,n+l 


q-a-yl rji-a-yi 

^a,n-\-l a,n+l 


> 2R. 


□ 


We can apply Propositions 18.31 and 18.71 to $ 


K 


and „. If we pnt 


5 = ^„,.+i, T = T„,„+i, 0 = 1, = 

in Proposition 18.31 then we have 

< - 


— Q+l rp — a-\-l 

a,n+l ’ 


T' 

^ c/ p 


a 


CP 


CCK / Q—Q+1 _ a+l 

‘^a,n+l y ‘^a.jn+l ^ a,n-\-l 


for any C 6 K{R, D) if S„”„+,y's„y« - r-;+‘ > 2R. 
If we pnt 


S = S, 


a^n-) 


T = Ta,n, =e{Ta,n-Sa,n), 


in Proposition 18.71 then we have 

2 


jrT' 1 

dj " — 


$ 


^Kl 

1 


spp 


^ICI 


< 


< 


0P’ 

P3 




n 
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Now, we put $ = $oo = Combining above arguments 

and Proposition 18.111 we can describe £, Ci in (A3) explicitly, with m = 3. 
Moreover, by Propositions 18.31 ISTl 18.41 and 18.81 we obtain Cq^Ci in (A5-6) 
and K = 1. Fix a constant A > 0 and suppose 


A-^ <e< A, S° 




Q—a-\-l _ rp—a-\-l 


' a,n+l 


> 2R, 


and and P is as above. Then we can take these constants in (A3-6) being 
only depending on a, A,/2, if and - 

Sa^n) Siie sufficiently small. Therefore, we obtain the following result. 

Theorem 8.12. Let {X,gjs) be as in Section\^ take a subsequence 

{Kn, < < • • • } C {Ao < Ai < A 2 < ■ ■ ■ }, 

and suppose 


lim 

i—^oo 


K2ni-1 


A 


2njH-l 


-A 


+ 


T^-a+l 

^2ni+A 


2ni 


^-a+1 

^2ni+2 


_ T^-a+1 

^2ni+3 


If a sequence {aj}, C M"*" satisfies 


0 . 


(16) 


lim 

i^oo 


Q —Q+1 _ rji — a-fil 

*^ai,ni+l -^ai,ni+l 


T, 


di ^Tii 


S, 


= e>o, 


di ,TLi 


lim 5, 

2^00 


—a ( c—a+l _ rp 

di,ni-\-l\^di,ni-\-l di,ni-\-l 


-a+l 


) 2 = lim - Sa,,ni) = 0, 


then {{X,aig^,p)}n ^ (M^, + ^)ho,0). 

Next we estimate -in the same situation, as 9 ^ 00 . We have 

“ a—1 ’ 


|<T) _ <T) ’’+1 I < 

a ^ Q' P — 


2(f)— + + P^{T,,n - Sa,n) 


D 


+ 


9 C—a+l 
‘^‘^a,n+2 
2 

Pi+“ (a — 1) 


< 


a 


1 + K2n-l 


1 

+ X + 


^-a+1 

^2n+A 


D \e{K2n+l-K2n) ' 9 ' 


"2n+2 


I^-a+1 

-'^'■2n+3 
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Applying Propositions 18.31 and 18.41 with 9 = 1 and ([3]), we have 




a — 1 


< 


Ca ( 1 + K2n-1 


1 

+ 77 + 


T^-a+1 

-'^'■2n+4 


D \ 9iK2n+l - K2n) 9 
R 


> ( ^5+' 


Qa / c—“+1 rp—a+l 

^a,n+ly ^a,n+l a,n+l 


mm 


- ^ 9{K2n+l - K2n) 

1 2 


> 


2{a — 1) 9{K2n+l — K 2 n) 


icr 

min {1.1} 


if D < 1, i? > 1 and |(^| < R. Therefore, we can take Cq^C\, K^m in (A3-6) 
depending only on a, i? if e ^ 0, where <h = <ha, $00 = hence we have 
the following theorem. 

Theorem 8.13. Let {X,gA) be as in Section\^ and suppose {Kni}i satisfies 
(HI. If a sequence {ai]i C M'*' satisfies 


lim 

i—^oo 


I —Qf+l 


c—fi+i n~'- 

^ai,ni+l -^ai,ni+l 

~T — ^ 


lim S 

i—>oo 


—a 

ai,ni + l 


/a—a+1 
Wai,ni+1 


rjn — a+1 \ 
ai,ni+lJ 


-1 

2 


= CO, 

= 0 , 


then {{X,aigA,p)}n ^ (M^,ho,0). 

By the similar argument, we have the following. 

Theorem 8.14. Let {X,gA) be as in Section\^ and suppose {Uni}* satisfies 
dH. If a sequence {aj}* C M'*' satisfies 


c—fi+1 _^—0+1 

^ai,ni+l -^ai,ni+l 


.lim 

■^ai,ni 


= 0, 


■I— 0+1 


Sa,%, + liSa"ni+l “ ^ 


) 2 = lim - Sa,,nJ = 0, 


then {{X,aigA,p)}n ^ (M^, j^hcO). 

Proof. Put 

p= - (T.,„ - s..„) = ofsIfiRRXtl 

s; = p^Saj, r; = p^t^j. 
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The similar argument to ([7]) gives 


$^7+1 ('(7') < 


F(a-l) 


if PiS'^+iT > 2F, which is equivalent to 9S2^n+i\lSa^Xl “ ^a,n^i > 2F, 
then the similar argument to Proposition 18.111 gives 


14.(0-i>sip(c)i<- 


D 


+ 


(a — 1)0’ 


for any ^ G F), where £a,n is the constant defined by 


_ 1 + K2n-l _ P2n+X _ 

^ AWi - - AT„“V)' 

Moreover, Proposition 18.71 with 0 = 1 gives 


ld> 




ld> 




( 0 - 


( 0 - 


1 2 
Jcy-D^ 
1 


< 


1 + P'2,n{Pa,n “ Sa,n) 




Then we can see |<l)a — j^l < -jfs for some £ > 0 if F < 1 and C £ K{.R) D). 

Here, £ goes to 0 as ea,n -t 0, 0 -)■ cx), \J - T~^Xi ^ 

TaniPa,n “ Sa,n) “^ 0. Since One can take Co,Ci,m, k in (A3-6) depending 
only on a if £ is sufficiently small, by Proposition 18.81 with 0 = 1 and (jS]). □ 


8.4 Example (1) 

Let A be as in Section El Moreover we take and increasing sequence {Kn}n 
such that 

hm —-= cxo. 

n^oo Kn-1 

In this situation, we observe which pointed metric spaces can be contained 
in T{X,g/i^) and prove Theorem 11.21 

Take S' > 0 and put a* := Then we have aP“iL 2 i = S 

and limj iP 2 i+i = oo. Hence Theorem 18.21 implies that {X, aig^^p) —)• 
(M^, 0“, 0). Similarly, if we take a, := K 2 iXi^T^~^°‘ for T > 0 then we obtain 
(R^, dg 5 0) s-s the pointed Gromov-Hausdorff limit. 
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Next we fix 6^ > 0 and put ai = 9 ^-f^ 2 i+i-^ 2 i +2 Then one can check that 
the assumptions of Theorem 18.121 is satished, hence one obtain (M^, + 

^)ho, 0) as the pointed Gromov-Hausdorff limit. By taking the limit 9^0 
or 6* —)■ oo, we obtain (M^, ho, 0) and (M^, j^ho, 0) as the pointed Gromov- 
Hausdorff limit. 

In fact, we obtain the next result. 

Theorem 8.15. Let A, {Kn}n satisfy lim^^oo = oo- Then T{X,g\) is 
equal to the closure of 

{(M^, sci“, 0); s > 0} U {(M^, sdg, 0); s > 0} U |^jho,0);s > 0} 

with respect to the Gromov-Hausdorff topology. Moreover we have 

lim (M^, sdf, 0) = lim sfl -1- rj-^ho, 0^ = (M^, ho, 0), 
s^oo V V ICI / / 

lim(R», sdl, 0) = lim (K^ s (l + i). O) = (r», i/io, O). 

hm(R^sci^,0) = lim(R^s4,0) = (R^d^,0). 

s^O s^oo 

Proof. We have already shown that the pointed metric spaces in the above 
list are contained in T{X,gjf). Accordingly, what we have to show is that 
any other pointed metric spaces may not arise as the tangent cone at inhnity 
of {X,g^). 

Suppose that a sequence {ai}i C R"*" is given such that {X, aigA,p) —)■ 
(Y, d, g) as i —)■ oo. It suffices to show that (Y, d, q) is one of the metric spaces 
in the list. 

First of all, we may assume that for any large M > 0 there exists i{M) 
such that 

{aJ^Kr, e R+;n e M} n [M-\M] 

is empty for any i > i{M). If not, there is M > 0 and a map i ^ 

1 

such that M~^ < aA“iF„. < M holds for inhnitely many i. Then by taking 

1 

subsequence C {aj}*, we may suppose M~^ < al^°‘K 2 ni. < M holds 

1 ^ 
for any j or M~^ < K 2 ni.+i < M holds for any j. If the former case 
holds, then by replacing by subsequence we may suppose 

lim a]^K 2 n. = Se [M-\M], 

i^oo 

lim al+°‘K 2 ni+i = S lim = oo, 

2^00 2^00 Aorj- 
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and we can apply Theorem 18.21 hence obtain {Y,d,q) = If the 

latter case holds, then we have {Y, d, q) = (M^, d^, 0) for some T > 0. 

Now, we may snppose that there exists k E N for each i snch that 
1 1 

linij^oo = 0 and limj^oo = oo hold. If {i G N;li is even.} 

is an inhnite set, then we can apply Theorem 18.21 again and obtain (F, d, q) = 
(M^,d“,0). Therefore, replacing by snbseqnence, we may snppose 

lim al+"K 2 ni+i = 0, lim K 2 ni +2 = oo. 

2—)-co i^oo 


Now, we have 


q — a+l 
*^a,n+l 


T-»+i > 
a,n+l — 


-a + l 

q 2 


T 

Q ^ -‘~a,n 
^a.n — 


holds for snfficiently large n. Hence if 


1—Q 1—a 

52 g 2 

0 < lim inf < lim snp 

i^oo Ta, m i—>oo 


ai,ni+l 


T 

ai,ni 


< OO 


holds, then Theorem 18.121 can be applied to this sitnation by taking a snbse¬ 
qnence, then we obtain (Y, d, q) = (M^, 0) for some d > 0. Hence 

the remaining cases are 


lim 

i—>oo 


C 2 

'^ai,ni+l 

T 

a,i,ni 


0 or 


lim 

i—>00 


C 2 

^ai,ni+l 

T 

ai,ni 


= OO. 


In both of the cases, we can apply Theorems 18.131 or 18.141 then obtain 
(H,d,g) = (R3,ho,0) or (M^ i^ho,0). □ 

One can also see that there are no nontrivial isometries between two 
pointed metric spaces appearing in the list of Theorem 18.151 Here, the isom¬ 
etry of pointed metric spaces means the bijective morphism preserving the 
metrics and the base points. 

Obvionsly, there is no isometry between (R^,ho,0) and (R^, j^ho, 0). In 
the next section, we show that (R^,d^,0) is isometric to neither (R^,/io,0) 
nor (R3, |^ho,0). 

Then, Table [T] implies that the nontrivial isometries may exist between 


(R^ d^, 0) and (R^ d^, 0) for 5 ^ 5', 
(R^ d^, 0) and (R^ d^', 0) for T ^ T', 
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Table 1: Tangent cones (0 < S,T,9 < oo) 


metric 

tangent cone at 0 

tangent cone at oo 

d‘s [S < T) 

ho 


df 

ho 

d°° 

Ug 

di 

d°° 

Ug 


d^ 

d°° 

“o 

d°° 

“o 

ho 

ho 

ho 

wA 

wA 


(1 + jfi)^o 

iafto 

ho 


Suppose (R^, 0) is isometric to (R^, d’^,, 0) for some S ^ S'. Then the 

topological space 

{(R^ci^,0); 5 e R+} 

with respect to pointed Gromov-Hausdorff topology is homeomorphic to 
or 1-point, hence it is compact. Then its closure is itself, therefore (R^, hg, 0) 
is isometric to some (R^, d’^, 0), which is the contradiction by Table [H Sim¬ 
ilarly, we can show that there are no isometries between (R^, 0) and 

(R^, dg', 0), and between (R^, (1 -|- j^)hg, 0) and (R^, (1 -|- j^)hg, 0). 


8.5 Example (2) 


Next we suppose that {Kn}n satishes 


K- 


2n 


lim 

n^oo A2n-1 


= CX), 


K2n+l 

K2n 


/3>1. 


Take S' > 0 and put a„ := 7^2^ Then we have an^°‘K 2 n = S 

and an'^°‘K 2 n+i = PS. Hence Theorem 18.21 implies that {X, angA,p) —)• 
(R^,d^'^). By arguing similarly to the proof of Theorem 18.151 we obtain the 
followings. 


Theorem 8.16. Let A, {K„,}n satisfy 

1* ^2n 1. ^2n-\-l \ i 

lim --= oo, hm ——— = p > 1. 

n^oo K2n-l K2n 


Then T{X, g/f) is equal to the closure of 

{(R^sd^,0);s > 0} U{(R^,s(^l |^jhg,0);s > 0} 


38 






















with respect to the Gromov-Hausdorff topology. Moreover we have 


lim (R^, sdi, 0) = lim (^R^, sfl + o) = (R^, ho, 0), 

s^oo s^-o V V ICI / / 

‘“‘I' ■ 

By the similar argument to Section I8.41 we can see that (R^, dg^, 0) is 
isometric to neither (R^, ho, 0), (R^, j^ho, 0) nor (R^, dgf , 0) for S' ^ S. 


8.6 Example (3) 

For I C R"*", denote by dj the metric on R^ induced by 

f h 

1C-(^“,0,0)1 ■ 

Denote by i3+(R’'') the set consisting of all Borel subsets of R"*" of nonzero 
Lebesgue measure. In this subsection we show the next theorem. 


Theorem 8.17. There is a sequence {Kn}n such that T{X,g^) contains 
{(R^,(i/,0); I G i3+(R’'')}/isometry. 


Proof. Put 


Oo 

Oi 


uc 


IS 


nonempty and open}, 




C 


Si,Ti eQ, 1 <k < oo, 
0< Si<Ti< Si+i < oo 


5 


then one can see Oi G Oq P i3+(R’''). Since Oi is countable, we can label 
the open sets in Oi such as 


(Pi = {/i, h, h, . . .}, Im = 

1=1 


Now, we fix a bijection F : N —>■ N x N and write F{q) = {i{q), 'm{q))■ Define 
Lq > 0 inductively by 


■= 2d9)+hq+^)Lg 


Sm{q)P 


Lo 1 . 
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Then we can define 0 < Kq < Ki < ■ ■ ■ snch that 




Sm{q),l j- T, 

<1 C . ’-^9 

O', 


m(q),l 


m{q),l 


I q 


m{q),l 


, 1 ^ ^ (I 0 , 1 , . . . 


First of all we show G T{X,g\) for every G Oi. Fix m. 

For any i G N, we can take a nniqne q snch that i{q) = i and m{q) = m. Pnt 
1 

:= L~^Sm,i, then we have 





m,l 


s, 


m,l 




m,l 1 


a, 


1 T 

l + a T 

-^9 C 
O'] 


m,l 


= T 

■J- 1 


m,l 


m,l • 


Note that Lg+i > implies Lg —)■ cxD as z —)■ cxD, hence Oj —)■ 0 

7 rp 

as z -)■ CO. Here, we pnt <F = and <Foo = applying 

Proposition 16.11 and (jl])-® with P = 1, the constants appearing in (A3-6) 
are given by 


e = 2aJ^ + 2-^Sm,i + - 


a 


1=1 


Ci = 


a2^ 


a 


m = l, K=-, 
1 a 


if we snppose e is snfficiently small. One can see e —)■ 0 as z —)■ oo, then we 

pTT 

obtain {{X,aigK,p)}i —)■ (M^,d/^,0). 

Next we show that (R^,(i/,0) G T{X,gA) for any I G Oq. To show it, 
we apply Vitali’s Covering Theorem. Fix I E Oq and pnt X := {(a, 6) G 
Oq; [a,b] G I}. Then X is a Vitali cover of I, hence there exists {JnlneN X ^ 
snch that 


Jn 7^ Jn' (if n ^ rz'), m{l\ |J = 0, 

nSN 


where m is the Lebesgue measnre. Pnt := lJfc=i Jk- Since G Oi holds, 
then (M^ 0) G T(X, gf,). If we pnt <I)j(C) := then we can 

see 


l^jJO - ^/(C)l < -E 0 (asrz^oo), 

and we can take the constants in (A3-6) independent of n by nsing Propo- 
sition 1^721 Therefore, we obtain {(M^, dj^, 0)}„ (M^,d7,0). 
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Finally, let I E i3+(R’''). Since the Lebesgue measure is the Radon mea¬ 
sure, there exist C Oi for any n such that I <Z U and m{U) < m{I) + 

Then we have |<h/(C) - we have {(M^ du„, 0)}n (R^ d/, 0) 

by the similar argument. Here, the positivity of m{I) is necessary since Cq 
in (A5) is given by ^ > 0 by g]). 

□ 


By Theorem 18.171 we can see (R^, ho, 0) and (R^,i^ho,0) are also con¬ 
tained in H+(R'''). The author does not know whether any other metric 
spaces may appear as the tangent cone at inhnity of {X,gA) or not. 


9 On the geometry of the limit spaces 

In this section, we study the geometry of (R^,(i[^), and conclude that there 
are no isometry between (R^,^^) and (R^,ho), and between (R^,^^) and 
(R^ ^ho) 

Proposition 9.1. (R^, j^ho) is the Riemannian cone 5^ x R"*", where the 
Riemannian metric on 3“^ is the homogeneous one whose area is equal to tt. 

Proof. Put C = (Cl, ( 2 ,( 3 ) 7 ^ 0 and r = y/C? + Cl + d, and let 5(52 be the 
standard Riemannian metric on with constant curvature and volume Itt. 
Then by putting R := 2i/r, we have 

^ho = -((dr)^ + r^gs 2 ) = {dPf + R^ ■ 

Id r 4 


□ 

Next we review the notion of polar spaces, introduced by Cheeger and 
Golding in |5] then show that the metric space (R^, d^) never be a polar 
space. 

Let y be a metric space, and suppose that there is a tangent cone Yy 
aX y E Y . Then we can consider tangent cones at any points in Yy. The 
tangent cones obtained by repeating this process are called iterated tangent 
cones of Y. A point a; in a length space X is called a pole if there is a ray 
7 : [0, 00) —)■ X and f > 0 for any x^x such that 7 ( 0 ) = x and 7(f) = x. 
Here, the ray 7 : [0, cxd) —)■ A is a continuous curve such that the length of 
7l[to,ti] is equal to |7(fo)7(H)|- 

Definition 9.2 ([5]). The metric space Y is called a polar space if all of the 
base points of the iterated tangent cones of Y are poles. 
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For example, let C{X) be a metric cone of a metric space X. Then every 
7 defined by 'y{t) := (x, f) G X x M+ = C{X) is a ray, hence the base points 
of any metric cones are poles. Now, since (M^, j^ho) is a Riemannian cone 
of a smooth compact Riemannian manifold, then all of the iterated tangent 
cones are (M^, j^ho) itself or (R^,/io). Conseqnently, we can conclnde that 
(R^, i^ho) is polar. Obvionsly, (R^, ho) is also polar. We can also see in the 

similar way that (R^, (1 + |^)ho) is polar. On the other hand we can show 
the next proposition. 

Proposition 9.3. The origin 0 G R^ zs not a pole of the metric space 
(R^,(ig°). In particular, (R^,(ig°) is neither a polar space nor a metric cone 
of any metric spaces. 

Proof. First of all we show that 0 G R^ is not a pole with respect to d^. Put 
p := (1, 0, 0) G R^, and suppose that there is a ray 7 : [0, 00 ) —)■ R^ such that 
7 ( 0 ) = 0 and 7(to) = P for some to > 0. Then we have 

d^{'y{so),'y{si)) = [ ^<I>^{'j{t))\j'{t)\dt 

J So 

for any 0 < Sq < Si. 

For 5 > 0, let 


Ai {t G R; |7c(^)| > <5}. 


Then there is a sufficiently small 6 such that ^4^0(0, to) 7 ^ 0 and ^ 50 (^ 0 , 00 ) 7 ^ 
0. This is because the length of 7 I/ becomes infinity for any small interval 
/ C R if not. Since As is closed and does not contain to, we can take a 
connected component (oo, oi) of R\R 5 containing to- Then we can see that 
|7c(ao)| = |7c(ai)| = d and |7c(t)| < S for any t G (ao,ai). Now define 
7 : [ 0 , ai] -)■ X by 


~ / (7rW, (0 < t < ao) 

^ ■ I {ao<t<ai) 

where 9 is defined by e*®7c(ao) = 7c(ai)- Recall that is already 

defined in Lemma 17.41 Then by applying Lemma 17.41 we can see that the 
length of 7 is strictly less than the length of 7|[o,ai], therefore 7 is not the 
ray, which is the contradiction. Hence 0 G R^ is not the pole. 

Now we can check that the R’''-action on R^ defined by the scalar multi¬ 
plication is homothetic with respect to ci“, then the tangent cone of (R^, ci“) 
at 0 is itself. Consequently, (R^, d'^) is not a polar space. 

Suppose that (R^, (i“) is the metric cone of some metric spaces X, then 
the origin 0 is nothing but the base point of the metric cone. Since the base 
point of the metric cone is always a pole, hence we have the contradiction. □ 
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Now we obtain the next corollary. 

Corollary 9.4. There is no isometry between and and 

between and (M^, j^ho). 
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